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,~_ general theory of dissolution and precipitation rates of calcite in the pure CaCO ,- CO2--H 2 O system 
under closed-system conditions is presented. The three rate-limiting processes, surface-controlled dissolu- 
tion or precipitation at the CaCO 3 surface, diffusion of the molecular and ionic species, and slow conver- 
sion of CO: into HCO~ are treated simultaneously. Dissolution and precipitation rates are calculated as a 
function of the Ca 2÷ concentration in the solution at various temperatures T and partial pressures of CO:, 
Pco  , in the solution. The rates can in all cases be approximated by a linear dependence R = ~([Ca 2+ ]eq - 
[Ca ::+ ] ), where ~ = a (T,Pco ,5) and 26 is the thickness of the water film enclosed by two calcite surfaces. 
Values of ~ are summarize~ in two tables which provide the geologist with data from which dissolution 
rates of pure limestone can be derived easily. The calculated rates for turbulent flow are one order of mag- 
nitude higher than those for laminar flow. This provides the first theoretical explanation of the so-called 
hydraulic jump. 

We have carried out dissolution experiments to determine the time dependence of the Ca 2÷ concentra- 
tion in stagnant and turbulently stirred H: O films at given PCO 2 , 5 and T. From the time constants of the 
exponential behaviour of [Ca :+ ](t) the values of ~ have been determined. They are in good agreement with 
the theory. 

1. I n t r o d u c t i o n  

T h e  d e v e l o p m e n t  o f  k a r s t i f i c a t i o n  in l ime-  

s t o n e  areas  is m a i n l y  d e t e r m i n e d  b y  d isso lu-  

t i o n  p r o c e s s e s  in t h e  C a C O 3 - - C O 2 - - H : O  sys- 

t e m .  K n o w l e d g e  o f  t h e  e q u i l i b r i u m  c h e m i s t r y  

o f  t h e  s y s t e m  d o e s  n o t  s u f f i c e  t o  u n d e r s t a n d  

t he se  p r o c e s s e s  b u t  o n e  has  also t o  k n o w  t h e  

*Author to whom all correspondence should be sent. 

k i n e t i c s  o f  t h e  d i s s o l u t i o n  p r o c e s s ,  f r o m  

w h i c h  t h e  d i s s o l u t i o n  r a t e s  can  be  de r ived .  In 

a r e c e n t  p a p e r  ( B u h m a n n  a n d  D r e y b r o d t ,  

1 9 8 5 )  w e  h a v e  d e v e l o p e d  a t h e o r y  o f  d i sso lu-  

t i o n  a n d  p r e c i p i t a t i o n  r a t e s  o f  c a l c i t e  f o r  t h e  

case o f  o p e n  s y s t e m s .  We h a v e  r e g a r d e d  w a t e r  

f i lms  o f  v a r i o u s  t h i c k n e s s e s  f l o w i n g  o n  ca l c i t e  

su r f aces  u n d e r  l a m i n a r  o r  t u r b u l e n t  f l ow ,  w i t h  

a f ree  su r f ace  o p e n  t o  an a t m o s p h e r e  con-  

t a i n i n g  CO2.  CO2 e x c h a n g e  o v e r  th i s  su r f ace  
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is possible during dissolution or precipitation 
of calcite. Although this situation is relevant 
in many processes of karstification in the 
vadose and unsaturated zone, where freely 
flowing water is present, the most important  
processes of karstification take place in the 
phreatic zone under closed-system conditions. 
In this case the water flows in completely 
filled conduits and exchange of CO2 is not 
possible, since no free surface to the atmo- 
sphere exists. 

In the following text, by using the general 
principles of our theory recently developed 
for the case of the open system, and by modi- 
lying the boundary conditions, we present a 
general theory of dissolution and precipita- 
tion of CaCO3 in the closed system. 

The kinetics of calcite dissolution and 
precipitation is determined by three indepen- 
dent processes: 

(a) The kinetics of dissolution at the phase 
boundary between the solvent aqueous sys- 
tem CaCO3--HzO--CO2 and the solid CaCO3. 

(b) The kinetics of the conversion of dis- 
solved CO2 to HzCO ° which constitutes the 
aggressive agent in the process of CaCO3 dis- 
solution. 

(c~ Mass transport of the dissolved species, 
i.e. Ca 2+, CO~-, HCO~ and CO O by diffusion 
from and to the phase boundaries. 

The first process has been investigated in 
detail by Plummer et al. {1978, 1979) who 
give a rate equation (PWP equation) from 
which the flow of Ca 2÷ can be calculated if 
the activities of Ca 2+, HCO3, H2CO3 and H ÷ 
at the phase boundary are known. 

The mechanisms determining conversion of 
CO2 to H2CO °, which is a slow process, have 
recently been reviewed by Usdowski (1982) 
and formerly by Kern (1960). A first 
approach to calculating dissolution rates for 
closed systems by considering the PWP rate 
equation and conversion of CO2 to H2CO ° 
has been given by Dreybrodt (1981a, b). This 
theory applies well to all cases where mass 
transport by diffusion plays the minor part in 
the processes listed above. This is the case 
for very thin water films flowing laminarly in 

narrow joints, a situation applying to the 
initial processes of karstification, and for all 
situations where the flow of water is turbu- 
lent. The application of his results yielded 
good understanding of the processes of karst 
initiation as well as the development in 
mature karst systems, where dissolution pro- 
ceeds under turbulent  flow. 

In contrast to the case of dissolution in 
open systems, some experimental data were 
available for closed-system conditions. 
Howard and Howard (1967) measured dis- 
solution rates on natural limestones in 
artificial joint openings, through which water 
was forced in laminar flow. Rauch and White 
(1977) obtained dissolution rates under con- 
ditions of turbulent flow. Although the ex- 
perimental conditions were not quite that  of 
the theory the agreement with the theoretical 
predictions of Dreybrodt (1981a) was remark- 
able and encouraging. 

We have now developed a theory which is 
applicable also in the region where mass trans- 
port by diffusion plays the dominant  role, 
and carried out experiments under more ade- 
quate conditions to verify the theoretical 
predictions. 

2. Theory of calcite dissolution 

2.1. Formulation of the problem 

Closed-system conditions are widespread in 
natural surroundings. Waters percolating 
downwards through narrow joints in the 
vadose zone or water conduits in the phreatic 
zone are examples. Joint widths range from 
roughly 10:3 cm to a few centimeters. The di- 
mensions of conduit  diameters in the phreatic 
zone vary from a few millimeters up to 10 m. 
Water flow is laminar in most cases when the 
dimensions of joints or conduits are below 
0.1 cm. At dimensions larger than 0.5 cm 
usually turbulent flow sets in. To obtain equa- 
tions which are mathematically treatable, we 
have to idealize the variety of shapes existing 
in conduits. We do this by assuming that  all 
conduits are bounded by two parallel planes 



separated by distance 28. This introduces 
errors by geometrical factors, which are in 
the order of magnitude of one and do not play 
an important  role in the application to real 
geological problems, where the knowledge of 
rates within one order of magnitude is suffi- 
cient. 

A further simplification is introduced by 
neglecting the velocity distribution perpendic- 
ular to the flow direction in both laminar and 
turbulent flow, i.e. assuming plug flow. This 
also has no serious influence on the order of 
magnitude (Dreybrodt, 1981a). We have 
shown in our recent paper that  with these 
assumptions, the equations of mass transport 
for the stationary state in plug flow are 
determined only by the contact time of the 
solution to the rock and are equivalent to the 
equations of mass transport in stagnant films, 
describing the time development of the dis- 
solved species (Buhmann and Dreybrodt,  
1985). This is a very important  fact, since it 
permits design of simple experiments, which 
are equivalent to the conditions of flowing 
solutions. 

With these approximations we are able to 
formulate the problem mathematically. Fig. 1 
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Fig. 1. Geometr ica l  model  o f  the  CaCO 3 dissolut ion 
in a sys tem closed to the  a tmosphere .  
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shows the geometric situation. A water film 
of thickness 26 is enclosed by two parallel 
plates of CaCO3 in the x--y-plane. No CO2 
can enter or leave the system. The geometry is 
symmetric with respect to z = 0 and it suffices 
to find solutions in the region 0 ~< z ~< 5, 
since the symmetry of the problem implies 
that  the concentration profiles of all species 
are even functions in z and are continuous. 
Therefore, the first derivatives at z = 0 are all 
zero and no flux of any species is possible at 
z = 0 .  At z = + 5  a flux of Ca =÷, CO~- and 
HCO~ is directed into the bulk of the solu- 
tion. 

Dissolution stoichiometry requires that  for 
each Ca =÷ dissolved from the CaCO3 surface 
one molecule of CO= has to be converted into 
H2CO °, which delivers a H ÷ ion to remove 
the accompanying CO~- ion by conversion 
into the soluble HCO~ ion. 

The flux of Ca 2÷ ions is given by the equa- 
tion of Plummer et al. (1978) (PWP equation): 

F = KI(H+)~ + K2(H2CO~)6 + ~3 

--K 4(Ca2+)6 (HCO;)~ (1 

The round brackets relate to the activities of 
the corresponding species, the subscript 
indicates the activities at the solution- 
calcite boundary at z = 5, and: 

(H2CO;) = (H:CO °) + (CO2)aq 

The K i are rate constants and their tempera- 
ture dependence has been taken from Plum- 
m e r e t  al. (1978). In addition K4 depends on 
the concentration of H2 CO ° • 

We now outline our theory for open sys- 
tems (Buhmann and Dreybrodt,  1985), and 
give therefore only a short summary of the 
equations needed to calculate the case of 
closed systems. These equations provide a 
general model including the three possible 
rate-limiting processes (a), (b) and (c) con- 
Sidered above. 

The mass transport of CO2, HCO[, CO~- 
and Ca 2÷ towards and away from the bound- 
aries is given by: 
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a [C021 
~t 

+ DCO: 
£ [CO2] 

~z 2 
- ( k , + k 2 [ O H - ] )  

X [COa] - (k_,[H ÷1 + k _ j [ H C O / ]  

RCO~ (2a) 

[HCOT~] 

~t 
+ D  

()2[HCO31 

8z 2 

- (k~ + k2[OH-])[CO2] 

+ (k__,[H +] + k_2)[HCO~] 

+k_3[H+][CO~ -] - k 3 [ H C O ~ ]  (2b) 

[ c o ~  ~ ] a=[co1-1 
+ D  

~t 3z 2 

~3[HCOs] - ]g_3[H +] [CO~-] (2c) 

O[Ca 2+ ] c32[Ca 2+ ] 
+ D - 0 (2d) 

~t Oz 2 

The square brackets denote concentrations. 
DCO ~ and D are the molecular diffusion coef- 
ficients in the case of laminar flow. In the 
case of turbulent  flow they have to be 
replaced by eddy diffusivities De, which are 
higher by about a factor of 104 than the 
molecular diffusion coefficients (Skelland, 
1974). 

The right-hand side of the equations de- 
scribes the conversion of: 

CO, .e- HzCO ° ~ HCO~ e- CO~- 

The conversion of CO2 to HCO~ is a slow 
process and is described by the reaction rate 
constants k~,k_l and k2,k-2, which respec- 
tively represent two different chemical path- 
ways: 

k~ 
C O  2 .4- H~O a H + + HCO3 

k ,  

k, 
C O  2 + OH- ~ HCO~ 

k : 

The fast process H2CO ° ~-HCO3 has been 
omitted here. The rate constants k3,k-a 

describe conversion of HCO~ ~- H ÷ + COs:-, 
which is a fast process too and is introduced 
for completeness. Since conversion of CO2 is 
the only slow process, we can assume that  the 
only species not in equilibrium with each 
other are CO2 and HCO~, CO2 and CO~-, 
and CO2 and H2CO °, since H:CO ° is con- 
vetted by a fast process into HCO[ + H + and 
is therefore in equilibrium with HCO[. Thus, 
eqs. 2a and 2b represent a coupled nonlinear 
system. Eq. 2d is independent of the others, 
since no reaction of Ca > with other species 
occurs if one neglects ion pairing. If ion 
pairing is included one obtains an analogous 
system of equations where in eq. 2d [Ca > ]  is 
replaced by: 

[Ca2+]T = [Ca > ]  + [CaCO °] + [CaliCOs] 

Since during dissolution all the species H +, 
OH-, H2CO °, HCO~ and CO~- are in equilib- 
rium with each other, we need the mass- 
balance equations to describe their mutual 
dependence. They are: 

(H+)(OH -) = gw(H20 ) 

(CO2) = KHPco2 

(CO2) = Ko (H2CO °) 

(H+)(HCO[) = K1 (H2CO]) 

(H+)(CO~ -) = K2(HCO~) 

(Ca>)(HCO~) = K3 (CaliCO[) 

(Ca2+)(CO~ -) = K4 (CaCO °) 

(H+)(HCO~) = Ks(H2CO °) 

(H+)(HCO[) = K6(COJ(H20)  

(3a) 

(35) 

(3c) 

(3d) 

(3e) 

(3f) 

(3g) 

(3h) 

(3i) 

A survey of the temperature dependence 
of the equilibrium constants, the rate con- 
stants, and molecular diffusion coefficients 
used in this work is given in table I of our 
recent paper (Buhmann and Dreybrodt, 
1985). 

2.2. Calculation of  the dissolution rates 

To solve the coupled differential equations 
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(2), we start  with eq. 2d, which  is indepen-  
den t  o f  the  others .  The  b o u n d a r y  condi t ions  
for  the  Ca 2+ species are: 

a [Ca 2+ ] 
- D  

az 
= F ([H÷]a,  [HCO~]a,  [Ca2+]a) 

z=~ (4) 
a[Ca 2+ ] 

- D  = 0 
a z  z=O 

The  f lux F as given by  the  PWP equa t ion  (1) 
and depends  on  the  chemical  compos i t i on  o f  
the  solut ion at  the  solid--l iquid interface,  
which is de t e rmined  by  the  mass t r anspo r t  
and the  chemical  react ions  which govern eqs. 
2a--2c.  I f  we assume tha t  the  dissolut ion 
proceeds  slowly, tha t  during the  t ime  which 

is needed  to  build up a s ta t ionary  prof i le  o f  
[Ca 2÷] across the  wate r  film the  compos i t i on  
o f  the  solut ion remains cons tan t ,  we have also 
the  s i tuat ion tha t  F remains  pract ical ly  con- 
stant .  In this case the  solut ion of  eq. 2d wi th  
b o u n d a r y  condi t ions  (4) is given by  Carslaw 
and Jaeger  (1959) :  

F t  F S ( 3 z 2 - 8 2 )  
[Ca2÷] (z) 5 D 652 

F5 
- -  + [Ca2+]a (5) 

3D 

[Ca2+]8 is the  Ca 2÷ c o n c e n t r a t i o n  at t ime  
t = 0. The  t ime which is needed  to  build up a 
s ta t ionary  prof i le  is: 

t D = 52/Drr z 

and our  a p p r o x i m a t i o n  holds  as long as 
t D ~ r ,  where  r is the  exponen t i a l  decay  t ime  
of  the  so lu t ion  to  reach sa tura t ion.  In the  ease 
of  laminar  f low this is real ized for  values of  
5 ~< 0.3 cm. In the  ease o f  t u rbu l en t  f low t D 
becomes  smaller by  a f ac to r  o f  at least ~ 1 0  4 

and the  c onc e n t r a t i on  prof i les  build up imme-  
dia te ly  even in the  ease o f  large 8 in the  o rde r  
of  several meters  (Skelland,  1974) .  

To  solve the  eoupled  eqs. 2a- -2c  we use a 
m e t h o d  p roposed  by  Quinn  and O t t o  (1971) .  
Adding eqs. 2a--2c  leads to:  

a[CO2] a[HCO~] aICO~-] 
+ + 

a t  a t  a t  

a2[CO2] a : [HCO~]  
DCO" + D 

a z  2 ~}z 2 

a [co -I 
+ D  (6) 

~z 2 

The  lef t -hand side o f  this equa t ion  repre- 
sents the  increase o f  to ta l  ca rbon  in the  solu- 
t ion.  The  concen t r a t i on  o f  the missing species 
H2CO ° is small co m p a red  to  those  of  the  
o the r  carbon-conta in ing  species and can there-  
fore  be neglected.  Since each dissolved Ca 2+ 
ion releases also one  C a tom,  we have by  using 
eq. 5: 

a[COzl a [HCO;]  a[CO~-] 0[Ca 2÷1 
+ + - 

a t  a t  8t 3t 

= (7) 

Integrat ing eq. 6 yields then:  

F a[CO2l a[HCO~] 
- - z + C ~  = D C O  ~ -  + D  
8 az 0z 

a[co -] 
+ D - -  (8) 

az 

The  in tegra t ion  cons tan t  C~ is de t e rmined  
f rom the  b o u n d a r y  condi t ions  at z = 0 and 
turns  ou t  to be C1 = 0. Af te r  second integra- 
t ion  we obta in:  

F 
- - z  2 + C2 = DCo~[CO2] + D [ H C O ; ]  
25 " 

+ D[CO~-]  (9) 

C2 is derived f rom the  b o u n d a r y  condi t ions  
a t z  =6 :  

C2 = - ½ F5 + DCo~[CO2]~ + D [ H C O ; ] ~  

+ D[CO~-la  (10) 

Using the  mass ac t ion  equa t ions  (3) and the  
cond i t ion  o f  e l ec t roneu t ra l i ty  it is possible 
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to express all the quantities on the right-hand 
side of eq. 2a, i.e. [HCO;], [H’] and [OH-] 
as a function of [CO,] and [Ca”‘] (2). Thus 
eq. 2a is decoupled and can be solved numeri- 
tally . 

The equation of electroneutrality, 
neglecting ion pairs, reads: 

B[Ca’+] + [H’] = [HCO,] + [OH-] 

+ 2[co;-] (11) 

Inserting the mass action equations (3a) and 
(3e) for [CO:-] and [OH-] into eq. 11 yields 
a quadratic equation with the solution: 

[H’] = - ‘2 (2[CaZ’] - [HCO,]) 

+ 
(2[Ca2+] - [HCO;])2 + K, 

4 YHYOH 

2 Kz-fHCO % 
+ 3 [HCO,] (12) 

YHYCO, 

The y i’s are the activity coefficients and are 
calculated by modified Debye-Huckel 
theory. The ionic strength has been taken as 
independent of z by using the approximation: 

I = 3[Ca2+].. 

where [ Ca2+]aV is the averaged concentration 
from 2 = 0 to 2 = 6. 

The concentration of CO:- can be calcu- 
lated from eq. 12 by inserting into the corre- 
sponding mass action equation (3e). Finally, 
inserting this and eq. 12 into eq. 9 yields a 
cubic relation for [HCO,] as a function of 
[Ca”](z), [CO,] and z only: 

L[HC0;13 + M[HC0,12 + N[HCO;] +P = 0 

(13) 
with 

L = K2 7HCo* 
‘-fH TCO, 

KW M=_ - Lz + 3BL + 2L[Ca2’] (z) 
THYOH 

N = 2B 
KW 

- + L [Ca”] (z) + BL 
YHYOH 

KV? p =332_ 

YHYOH 

4c0,w021, - [CO21 (2)) 

WHCOSI, + W-1,)) 

Including ion pairs yields a somewhat more 
complicated third-order expression, where 
[Ca”](z) is replaced by [Ca”],(z). Our 
calculations have shown that introduction of 
ion pairing changes the results by less than 
3%. Therefore, ion pairs can be neglected 
without loss of the general validity of our 
theory. 

Inserting the solution of eq. 13, eq. 12 and 
the mass action equation (3a) into eq. 2a 
yields a differential equation for [CO,] 
which depends only on z, [Ca”],, [HCO;], 
and [COz]s . Its correct solution has to satisfy 
the condition of stoichiometry, i.e. for each 
dissolved Ca2+ ion one CO2 molecule has to 
be converted into H,COi . Thus: 

F([Ca2’ls ,WCOiI,) = - j” ho, dz (14) 
0 

Rco, is the conversion rate of COz and is 
given by the right-hand side of eq. 2a. The 
boundary conditions for [CO,] are: 

a[co,]/az = 0 

for 

2=0 and z=6 

since at z = 6 no direct reaction of CO? with 
CaCO, occurs. 

With these conditions eq. 2a is solved 
numerically by a Runge-Kutta procedure 
(Kamke, 1967). We choose values of [CO,]& 
and [Ca2+]&, and a realistic value of [HC0;16 
close to 2[Ca2+],. 

CWJOSjls 

From this, [H’], and 
in equilibrium with [H’], and 
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[HCO~] 6 are calculated. Inserting these values 
into the PWP equation (1) yields the flux F 
of Ca 2÷ at z = 5. Now [Ca2+](z) can be com- 
puted. In the next  step we start the Runge-  
Kut ta  procedure with a chosen value [CO2]~. 
To achieve the correct solution, [HCO;]~ is 
changed in a half-step procedure until eq. 14 
holds to an accuracy of 1%. From the values 
thus obtained we calculate the initial CO2 
concentration [CO2]i. [CO2]i is the CO2 con- 
centration of the initial H20--CO2 solvent, 
when no CaCO3 has yet  been dissolved. Then 
we change [CO2]~ until the calculated value 
[CO2] cam differs by less than 1% from the 
stated value [CO2]i. 

This procedure yields the concentration 
profiles of [CO2], [HCO;],  [H+], [CO~-] and 
[Ca 2÷] as well as the correct dissolution rates 
F([Ca2÷]av). Fig. 2 gives a simplified flow 
diagram of these calculations. 

INPUT 
T, CO~, 6, [Ca 2 ']5 
[AHCO~] 

CHOOSE [HCO~] 6 

i 
COMPUTE I,'~i 

COMPUTE [H'15, I [HC0;]6 = 
[CO~-]5'[Ca~'](z}'F i [HCO;]5 ÷ [AHCO~] 

L 
PROCEDURE 1 / 
['HCO;](z),[H']Iz} [ l --"~'-Fco~ ~- F 
Eco~ l(,~Eco2>l, [ I ~ / 
Fcc .... /'Rcoe dz ~ "FE s 

I E.o ] 

I 
[HCOi]5 = 

[HCO~]5-[AHCO~] 

Fig. 2. Flow diagram for the numerical calculations. 

The initial concentration [CO2]i can be ob- 
tained by the following considerations. The 
initial concentrations in a solution in equilib- 
rium with PCO2 are: 

[CO2-]i ~- 0 (15a) 

[Ca2+]i = 0 (15b) 

[HCO~]i = [H+]i (15c) 

[CO2]i = KHPco2 (15d) 

[H2CO°]i = [CO2]i/K0 (15e) 

During the process of dissolution the sum of 
the average concentrations of all carbon- 
containing species must be equal to the sum 
of the corresponding initial concentrations 
augmented by the average concentration of 
Ca > .  Thus we have: 

[CO2]i + [H2CO3]i + [HCO3]i + [Ca2+]av = 

[CO2]av + [H2CO3lav + [HCO~lav 

+ [ C O ~ - ] a  v ( 1 6 )  

Using eq. 15 and the equations of mass 
action one obtains: 

S K6 
[CO2] i  - + 

1 + 1~go 27HTHCO,(1 + l /go) :  

1 l K6 

2(1 + l/K0) 7HTHCO,(1 + 1/Ko) 

( K6 )i 1/2 
X 4 S +  

THTHCO~(1 + 1/Ko) 

with 

S = [CO2]av + [HaCOs]av + [HCO3lav 

+ [CO~-lav- [Ca2+]av (17) 

The Ti's are the initial activities of the corre- 
sponding ions and their values are ~ 1. 

For all cases of  interest, i.e. pH < 9 and 
S ~> 10 -4 mmol cm -3, this can be approxi- 
mated, with an error of less than 3%, by: 

[CO2]i = {[CO2]av + [Ca2+]av} (18) 

As a final remark in this section we wish to 
stress that  this theory is also applicable to the 
case of calcite precipitation. The only differ- 
ence is that  the signs of F and RCO2 are 
reversed, since the flux of Ca > is directed to- 
wards the calcite surface and CO2 is released 
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into the  solut ion.  In the  calculat ions  o f  
p rec ip i ta t ion  in the  closed system we star t  
wi th  a supersaturated,  so lu t ion  with concen-  
t ra t ions  [Ca2÷]s and [CO°]s . The  re la t ion 
be tween  [CO2]av and [Ca 2÷] and [CO2]s is 
now : 

[CO2]av = [CO2]s + [Ca2+]av - [Ca2+]s (19) 

for  all cases of  interest .  

2.3. Results 

We have calculated the  dissolut ion rates at  
t empera tu re s  T = 5 °, 10 ° and 20°C for  initial 
pressures PCO2 ha the  range o f  0 .01--0 .1  atm.  
(Table  I). This is the  range o f  realistic PCO2 
pressures in the  soil, where  CO2 equil ibrates  
with the  wate r  percola t ing  before  it enters  
c losed-system condi t ions .  

Fig. 3 shows the  results fo r  P c o  = 5 . 1 0  -2 
• 2 

atm. We have p lo t t ed  the  dissolut ion rates as 

func t ions  o f  [Ca2+]av,  which also represents  
the  expe r imen ta l ly  measured  value o f  the  
Ca 2+ concen t r a t i on  (cf. Sec t ion  3), and is 
ob ta ined  by  averaging eq. 5 over  the  wate r  
film: 

[Ca2+]av = [Ca2+]~ - FS/3D (20) 

In all cases o f  laminar  f low and in mos t  
cases o f  t u rbu l en t  f low the  curves can be 
a p p r o x i m a t e d  with suff ic ient  accuracy  at Ca 2÷ 
concen t ra t ions  greater  than  0.2[Ca2÷]eq by  a 
l inear func t ion :  

F = a { [ C a 2 + ] e q -  [Ca2+]av}  (21) 

[Ca2+]eq is the  cor responding  equi l ibr ium 
concen t r a t i on  and is a func t ion  o f  5, P~ CO2 
and T. Numerica l  values o f  ~ are given m 
Table  I. 

At  very low film thicknesses (5 < 0 .002 
cm),  a increases l inearly wi th  6. This is the  
region where  convers ion of  CO2 -~ H2CO ° is 

TABLE I 

Calculated values of  a in 10 -s cm s - '  for various pressures of  CO 2, t empera tu res  and film thicknesses  5. 
(a) laminar f low; and (b) tu rbu len t  flow. Part (c) gives the calculated Ca :÷ concen t ra t ions  at sa turat ion,  [Ca 2~ ]eq 
in 10 -4 mmol  cm -3 

6 P c o  2 = 1 .10  -5 atm. PCO 2 = 3- 10 -5 atm. P c o  2 = 5 . 1 0  -2 atm. PCo: = 1 .10  -1 atm. 
(em) 

5°C 10°C 20°C 5°C 10°C 20°C 5°C 10°C 20°C 5°C 10°C 20°C 

(a) Laminar  f low:  

0.001 0.714 1.6 7.14 0.606 1.1 3.33 0.666 1.19 3.33 0.833 1.39 3.23 
0.002 1.3 2.8 13.3 1.18 2.1 6.25 1.25 2.25 5.26 1.05 1.73 3.33 
0.005 3.13 6.4 21.7 2.13 3.5 8.93 1.49 2.5 5.0 1.06 1.73 3.33 
0.01 5.26 9.6 21.7 2.04 3.5 8.7 1.49 2.47 4.76 1.06 1.73 3.23 
0.02 5.13 9.5 18.2 2.0 3.46 6.9 1.46 2.44 4.76 1.05 1.70 3.17 
0.05 4.76 8.4 16.1 2.0 3.3 6.5 1.43 2.43 4.67 1.04 1.68 3.07 
0.1 4.08 7.7 12.7 1.89 3.25 5.9 1.4 2.29 4.46 1.01 1.61 2.95 

(b) T u r b u l e n t  f low:  

0.001 1.08 3.3 9.75 0.63 1.08 4.1 0.655 1.17 3.37 0.82 1.37 3.5 
0.003 2.9 7.3 22.0 1.8 3.3 9.5 1.97 3.32 8.14 2.28 3.5 6.0 
0.005 5.08 10.2 27.5 2.9 5.1 13.0 3.13 5.09 10.4 3.3 4.7 7.8 
0.01 8.6 15.1 34.0 5.4 8.75 17.0 5.2 7.3 13.0 4.54 6.05 9.0 
0.02 13.2 20.5 45.0 8.2 11.3 19.0 6.9 8.9 13.9 5.5 7.0 10.2 

(C) Ca 2+ concen t ra t ions  at saturation." 

[Ca2+]e q 6.4 5.5 4.1 16.6 14.4 11.0 24.3 21.4 16.9 38.8 35.1 28.0 
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Fig. 3. Calculated dissolution rates at PCO = 5.10 -2 atm. for various film thicknesses and temperatures as func- 2 
tion of the average Ca 2+ concentration. The n u m b e r  on the solid lines gives the film thickness 6 in cm. The up- 
most curves represent turbulent flow conditions and are calculated for ~ = 1 cm. 

ra te  l imit ing.  We have  f o u n d  the  same behav-  
iour  in the  o p e n  sy s t em  ( B u h m a n n  and  Drey-  
b rod t ,  1985) ,  and  have  the re  in deta i l  
discussed its phys ica l  reasons.  The  t e m p e r a -  
tu re  d e p e n d e n c e  o f  a is d e t e r m i n e d  b y  the  
t e m p e r a t u r e  d e p e n d e n c e  of  the  CO2 conver-  
sion and  t h e r e f o r e  a decreases  wi th  decreasing 
t e m p e r a t u r e .  

At  5 ~> 0.01 cm a th re sho ld  is r eached  (cf. 
Fig. 3) and  the  ra tes  decrease  wi th  increasing 
f i lm th ickness .  In t he  th re sho ld  region the  
ra tes  are d e t e r m i n e d  b y  chemica l ly  enhanced  
d i f fus ion  o f  CO2 and above  the  t h r e sho ld  dif- 
fu son  o f  Ca 2÷ b e c o m e s  ra te  l imiting.  Fo r  val- 
ues of  [Ca 2÷ ]av ~< 0 . 2 [C a  ~÷ ] eq a s teep  increase 
in the  ra te  curves appears .  We will no t  t r ea t  
this  e f fec t  fu r the r ,  since m o s t  o f  t he  dissolu- 
t ion  p roceeds  in t he  region o f  higher  [Ca 2÷ ]av 
and  ou r  e x p e r i m e n t s  give da t a  in this  region.  

F o r  all cases where  d i f fus ion  and  CO2 con-  
vers ion d e t e r m i n e  the  d i sso lu t ion  process ,  a 
change  of  the  surface  k inet ics  on ly  slightly 
changes  t he  d i sso lu t ion  rates.  We have  

changed  the  r eac t ion  cons t an t s  (~:i) in the  
PWP equa t i on  (1) b y  fac to r s  of  2 and  o f  0.5 
and f o u n d  a change in d isso lu t ion  ra tes  in 
b o t h  cases o f  on ly  ~ 20%. Thus ,  dur ing  dis- 
so lu t ion  processes  at  kars t  in i t ia t ion,  where  
l amina r  f low at  small  ~ prevails,  all e f fec ts  
which  change the  surface  kinet ics ,  e.g. l i thol- 
ogy,  should  be  o f  m i n o r  inf luence .  

In con t r a s t  to  the  lower  curves which  
s imula te  the  case of  l amina r  f low,  where  D 
and DCO 2 are the  m o l e c u l a r  coef f ic ien ts  o f  
d i f fus ion ,  the  u p m o s t  curves in Fig. 3 
s imula te  t u r b u l e n t  f low. In  this case eddy  
diffusivi t ies  De are used,  which  are higher  b y  a 
f ac to r  o f  104. In  this case ne i the r  CO2 con-  
vers ion n o r  d i f fus ion  are ra te  l imi t ing and the  
process  is en t i re ly  con t ro l l ed  by  surface  
kinet ics  as given b y  the  PWP equa t i on  (1). 
I f  in t u r b u l e n t  f low ~ is small,  t h e n  CO2 
convers ion  again is i m p o r t a n t  in d e t e r m i n i n g  
the  rates.  We will discuss th is  on  the  nex t  
page. 

F o r  the  m o m e n t ,  we s ta te  the  fac t  t h a t  a t  
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Fig.  4. C o n c e n t r a t i o n  p ro f i l e s  o f  t h e  f i ve  m o s t  i m p o r -  
t a n t  species across water films of 0.001 and 0.02 cm 
thickness, respectively. The concentration scale for 
the individual species has to be multiplied by the 
f a c t o r  given o n  t h e  corresponding curve .  

suff ic ient ly  high 6 the  dissolut ion rates,  once  
t u rbu l e n t  f low sets in, are increased by  one  
order  o f  magn i tude  c o m p a r e d  to  laminar  
flow. This hydraul ic  j ump ,  which  we have 
found  as well unde r  open-sys tem condi t ions ,  
is of  u t m o s t  impor t ance  in the  d e v e l o p m e n t  
o f  cave systems.  

To  d e m o n s t r a t e  the  region o f  CO2 con- 
version and o f  chemical ly  enhanced  d i f fus ion  
{threshold)  we have calculated the  concent ra-  
t ion  profi les  for  the  case o f  P~O = 10-2 atm.  

- 3 . 1 0  m m o l  cm at 10°C and [Ca2+]~-  -4 ~-3 

for  two film thicknesses.  Fig. 4 gives the  
results. At  6 = 0 .001 cm the  dis tance is so 
small t ha t  e f fec ts  o f  d i f fus ion  can be 
neglected.  In this case a lmost  no  concent ra -  
t ion  gradients  build up. At  higher  values o f  
5 > 0 .02 cm strong concen t r a t i on  gradients 
build up  and the re  is a f low of  H + towards  the  
solid in ter face  and a f low of  CO]-  d i rec ted  
away f r om it. In the  region o f  ~ 0.01 cm 
thickness  in f ron t  of  the  CaCO3 solid CO~- 
combines  wi th  H +, and HCO~ is p roduced .  
The  th ickness  o f  this region is d e t e r m i n e d  by  
p r o d u c t i o n  o f  H + via CO2 -+ H + + HCO;  con- 
version and by  di f fus ion,  and it thus  depends  
on  the  convers ion  cons tan ts  and D. 

We now c o m e  back to  the  discussion o f  dis- 
so lu t ion  unde r  t u r b u l e n t  flow. Fig. 5 shows 
dissolut ion rates wi th  an e d d y  dif fusivi ty  
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Fig. 5. Calculated dissolution rates under turbulent- 
flow conditions for various film thicknesses a. The 
n u m b e r  o n  the  so l id  l ines  gives 5 in cm. The upmost 
curve indicates the limit of infinite film thickness. 

D e =.104Dco2 for  various film thicknesses 6 
at p1 CO2 = 5 . 1 0 - :  a tm.  and T = 10°C. Since 
d i f fus ion is no  more  of  impor t ance ,  we f ind 
tha t  no  th reshold  is reached,  behind  which 
the  rates decrease  wi th  increasing film thick- 
ness. At  low 6 ~< 0 .005 cm the  rates increase 
l inearly with 6, since in this region CO2 con- 
version is ra te  limiting. 

F o r  6 > 0 .005  cm, CO2 convers ion  and 
surface kinetics b o th  de te rmine  the  dissolu- 
t ion  rates and the  rates increase m u c h  slower 
wi th  5 unt i l  a th reshold  is r eached  at 5 ~> 0.1 
cm, where  surface kinet ics  con t ro l  the  dissolu- 
t ion  ent i re ly .  This is the  case for  all P~O2_ wi th  
0.01 atm. < p1 ~< 0.1 atm. In Fig. 6 we CO2 
have t he re fo re  given the  dissolut ion rates fo r  
6 t> 0.1 cm for  various P~O2- pressures at 
10°C. Since we e x p e c t  t h a t  in real karst  
systems t u r b u l e n t  f low sets in at 6 in the  
order  o f  a few mil l imeters  these  curves 
describe realistic d issolut ion rates. We have 
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Fig. 6. Calculated dissolut ion rates under tu rbu len t  
f low cond i t ions  for  various CO 2 pressures and various 
film thicknesses  6 in the  case of  PCO~ = 10-2 atm. 
The n u m b e r  on the solid lines gives 6 in cm. 

calculated the same dissolution rates in a 
previous work (Dreybrodt, 1981a, fig. 1), by 
assuming equilibrium between all species and 
neglecting effects of diffusion and CO= con- 
version. 

One important  fact should be stated. At 
low P~O pressures (~< 0.05 atm.) and 5 ~> 0.05 

2 o . 

cm the hnear relation of eq. 21 no longer 

holds. The rates can then be approximated by 
two linear regions, one with lower slope at 
lower  [Ca2+]av and the other with higher 
slope at higher [Ca2÷]av . In Table II we have 
listed the values of a for these cases together 
with the corresponding equilibrium values of 
Ca 2+ [Ca2+]eq and [Ca2÷l ' L J a s "  

2+ [Ca ]as is the in tersec t ion  po in t  o f  the 
straight line representing the region of lower 
slope with the Ca2÷-axis. These values of 
Table II are the relevant ones for turbulent- 
flow conditions, since turbulence is only 
possible in sufficiently thick water films, i.e. 
5 > 0.1 cm (Dreybrodt,  1981b). Nevertheless 
we have listed the values of a for 5 ~< 0.02 cm 
in Table I for completeness. In this region the 
normal linear relationship: 

R = a ( [ C a 2 + ] e q -  [Ca2+]av)  

holds reasonably well for all values of 
[ Ca2÷ ]av" 

In all our calculations we have assumed 
De = n D ,  n = 104. It is important,  however, 
to know the dependence of the dissolution 
rates on the values of n. We therefore have 

TABLE II 

Calculated values of  a for various pressures of  CO 2 and t empera tu res  at tu rbu len t  flow and film thicknesses  
> 0.02 cm 

5 PCO~ = 1" 10 -2 atm. PCO 2 = 3 . 1 0  -2 atm. PCO~ = 5 . 1 0  -~ arm. P c o  2 = 1 .10  -1 atm. 
(cm) 

5°C 10°C 20°C 5°C 10°C 20°C 5°C 10°C 20°C 5°C 10°C 20°C 

(a) [Ca:+]av > 0.7[Ca2÷]eq: 

0.05 2.4 4.2 11.8 1.4 2.1 2.6 1.0 1.4 2.3 0.76 0.93 1.8 
0.1 4.0 6.7 17.3 1.7 2.5 2.8 1.2 1.5 2.4 0.8 1.0 1.8 
0.3 9.8 14.3 29.2 1.8 2.5 2.8 1.3 1.5 2.4 0.8 1.0 1.8 

[Ca2÷]eq 6.4 5.5 4.1 16.6 14.4 11.0 24.3 21.4 16.9 38.8 35.1 28.0 

(b) [Ca2+]a v < 0.7[Ca2÷]eq: 

0.05 1.5" 1.3" 1.6 0.6 0.78 1.3 0.54 0.67 1.0 0.44 0.56 0.7 
0.1 0.85 1.0 1.7 0.63 0.82 1.35 0.56 0.69 1.02 0.45 0.57 0.7 
0.3 0.9 1.0 1.7 0.65 0.82 1.35 0.56 0.69 1.02 0.45 0.57 0.7 

[Ca~÷ ]as 8.0* 9.7* 
14.2 13.3 9.3 24.0 20.5 16.0 31.0 27.5 22.0 47.5 41.5 34.0 

Values of  a in 10 -4 cm s -1 ; [Ca2÷]e q and [Ca2÷]as in 10 -4 m m o l  em -3. [Ca~÷]a s 
t ra t ion  of  Ca 2+ as discussed in the  text .  
*Cor responding  values for T = 5°C and T = 10°C in this special case. 

is an apparen t  sa tura t ion  concen-  
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ca lcu la ted  d i sso lu t ion  ra tes  fo r  the  case of  
o i 

T =  20 C, Pco2 = 5 " 1 0 - 2  a tm .  and  [Ca2+]8 = 
10 -3 m m o l  c m  -3 fo r  var ious  5 and  n. Fig. 7 
shows the  results .  A t  low w a t e r  f i lm th ick-  
ness, 5 = 0 .001 cm,  d i f fus iona l  processes  p lay  
no i m p o r t a n t  role  even a t  n = 1. In  this case 
no  d e p e n d e n c e  on  n is obse rved  and  l amina r  
or t u r b u l e n t  f low give the  same  resul ts  in dis- 
so lu t ion .  As 5 increases a d e p e n d e n c e  on  n 
develops .  Di f fus iona l  processes  can thus  be  
neglec ted  a t  5 = 0 .01 c m  for  values o f  n />  103 
and a t  8 > 0.1 c m  for  n >~ 104 . 

These  ca lcu la t ions  are i m p o r t a n t  fo r  calcu- 
la t ions  o f  d i s so lu t ion  processes  in p o r o u s  
med ia ,  whe re  t u r b u l e n c e  sets in at  m u c h  
lower  R e y n o l d s  n u m b e r s  (NRe = 10 - -100 )  
t h a n  in condu i t s  (NRe ~ 2000) ,  and  where  
d i f fus iv i ty  is also con t ro l l ed  b y  mechan ica l  
d ispers ion  (Bear,  1972) .  Our  t h e o r y  can be 
appl ied  to  ca lcula te  d i sso lu t ion  ra tes  in 
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Fig.  7. C a l c u l a t e d  d i s s o l u t i o n  r a t e s  f o r  v a r i o u s  f i l m  
t h i c k n e s s e s  6 as a f u n c t i o n  o f  t h e  f a c t o r  n. T h e  d i f fu -  
s i o n  c o e f f i c i e n t  DCO 2 is m u l t i p l i e d  b y  t h e  f a c t o r  n 
to  give t h e  e f f e c t i v e  d i f f u s i o n  c o e f f i c i e n t  D e f o r  t h e  
c a l c u l a t i o n s .  T h e  n u m b e r  o n  t h e  c u r v e s  gives  6 in cm .  

p o r o u s  media .  Here  5 is to  be  rep laced  b y  an 
ef fec t ive  d i a m e t e r  o f  the  f low channels  
( B a u m a n n  et  al., 1985) .  

As we have  a l ready s ta ted ,  ou r  t h e o r y  can 
be used also to  ca lcula te  p rec ip i t a t i on  ra tes  
unde r  c losed-sys tem condi t ions .  Prec ip i ta t ion  
occurs  w h e n  ca lcareous  so lu t ions  en te r  a cave 
and equi l ibra te  wi th  t he  CO2 pressure  o f  the  
cave. This  p roduces  a supe r sa tu ra t ed  so lu t ion ,  
which  even tua l ly  enters  joints .  This so lu t ion  
will t h e n  depos i t  CaCO3 and  accord ing ly  
release CO2 in to  the  wa te r  fi lm. Thus ,  deposi-  
t ion  takes  place  unt i l  the  dissolved C a C Q  and 
the  CO2 c o n c e n t r a t i o n  are in equi l ibr ium.  
This  m e c h a n i s m  m i g h t  be  respons ib le  fo r  
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Fig .  8 .  C a l c u l a t e d  d e p o s i t i o n  r a t e s  u n d e r  t u r b u l e n t -  

f l o w  c o n d i t i o n s  a t  v a r i o u s  f i l m  t h i c k n e s s e s  5.  T h e  

s o l u t i o n  e n t e r s  t h e  c l o s e d  s y s t e m  w i t h  PCO 2 = 3 - 1 0  4 
2+ 3 3 atm. and a Ca concentration of 3o 10- mmol era- . 

The n u m b e r  o n  t he  curves  gives 6 in cm. 
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f low c o n d i t i o n s  at va r ious  init ial  CO2 p r e s s u r e s  and  
initial Ca 2+ c o n c e n t r a t i o n s .  

closing of  suff ic ient ly  na r row jo in ts  and for  
changing the  sub te r ranean  pe rco la t ion  rou te .  

Fig. 8 shows a represen ta t ive  example .  
Water  wi th  [Ca2÷]s = 3 .  10 -3 m m o l  cm -3 
has equi l ibra ted  wi th  an a tmosphe re  con- 
taining CO2 wi th  a partial  pressure o f  3 . 1 0  -4 
atm.  On enter ing jo ints  o f  wid th  25 precipi ta-  
t ion  takes place unde r  t u rbu l en t  f low condi-  
t ions.  

Fig. 9 shows the  same s i tua t ion  fo r  the  case 
of  laminar  f low fo r  two  values of  initial 
[Ca2+]s . In laminar  f low prec ip i t a t ion  rates 
are lower  by  a f ac to r  o f  ~ 1 0 .  This again 
i l lustrates the  hydraul ic  jump.  To  es t imate  
the  t ime requi red  to  close a j o in t  unde r  con-  
s tant  rates o f  p rec ip i ta t ion ,  we n o t e  t ha t  a 
depos i t ion  ra te  o f  10 -7 m m o l  cm -2 s- '  causes 
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a depos i t ion  o f  0 .1174  cm yr.  -1 on  each wall 
of  the  jo in t  (D rey b ro d t ,  1980) .  Thus ,  closing 
of  jo ints  can p roceed  in a very  shor t  t ime.  

Fig. 10 shows prec ip i t a t ion  rates fo r  
6 = 1 cm at  various P~O pressures and 
various values o f  [Ca2÷]s 2of the  so lu t ion  
enter ing the  jo in t  unde r  t u rb u l en t  f low, to  
give some i l lustrat ions ab o u t  the  variat ions of  
prec ip i ta t ion  rates which can be expec ted .  

3. Expe r imen ta l  

3.1. Experimental method 

To prove  o u r  theore t ica l  results we used a 
p rocedu re  similar to  tha t  in ou r  work  on  open  
systems (Bu h m an n  and D r e y b r o d t ,  1985) .  
We measured  the  t ime d e p e n d e n c e  o f  [Ca2+]av 
dur ing dissolut ion in a s tagnant  H 2 0  film 
enclosed by  two parallel calcite surfaces wi th  
dis tance 25.  As long as the  dissolut ion rates 
are given by  a l inear re la t ion  accord ing  to  
eq. 21 the  t ime d e p e n d e n c e  o f  the  average 
Ca"-* co n cen t r a t i o n  is: 

[Ca2÷]eq - [Ca2+]av(t) = 

[Ca2÷]eqeXp( - t/T) (22) 

wi th  

T = 5/a 

Thus,  f r o m  the  exponen t i a l  decay  of  the  
quan t i t y  ( [ C a 2 + ] e q -  [Ca2+]av(t)} towards  
zero the  t ime cons tan t  T can be measured  and 
be c o m p a r e d  to  the  theore t ica l  value o f  T. 
In Sec t ion  2.1 we have s ta ted tha t  the  t ime  
d e v e l o p m e n t  o f  [Ca2*]av(t) in a s tagnant  film 
is equal  to  tha t  o f  laminar  or t u rb u l en t  plug 
f low and thus  our  ex p e r im en t  simulates well 
the  natura l  s i tuat ion.  

The  calcite specimens are flat  plates wi th  
dimensions  5 c m ×  10 c m X  1 cm, cut  f rom 
whi te  marble  (Carrara).  T h e y  were  surface 
pol ished and e t ched  wi th  di lu te  HC1 and 
washed careful ly  with disti l led wa te r  be fore  
first use. To  s imulate  the  condi t ions  o f  
laminar  f low two  o f  these  plates were 
m o u n t e d  wi th  a dis tance d = 26 towards  each 
o ther .  The  dis tance was achieved by  placing 
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distance pieces of Teflon ® at the rims. Then 
the volume between the plates was filled with 
double-distilled water of  known CO2 content  
m~d the system was closed with respect to the 
surroundings to prevent CO2 exchange. After  
a time t the solution was extracted with a 
syringe which was mounted  into one of  the 
calcite plates. The solution was then analyzed 
for its Ca > concentra t ion by atomic absorp- 
tion spectroscopy.  

All the experiments were per formed in a 
temperature-regulated thermostat ic  chamber 
(T_+ 0.5°C). The solutions with fixed CO2 
content  were prepared by bubbling an 
artificial commercially available atmosphere 
with known CO2 content  through double- 
distilled water and monitoring pH to control  
equilibrium. 

To simulate the condit ions of  turbulent  
flow, a calcite specimen of  6 cm diameter  and 
1 cm thickness was mounted  from below, by 
using O-ring seals of Teflon ®, to a cylindrical 
Teflon ® beaker with inner diameter  of  3.8 cm 
and of known inner height 8. Through the 
upper side a glass stirrer was introduced,  
which was t ightened by a Simmering ® seal. 
The CO2-containing solution was introduced 
through one inlet until the solution flows out  
at a comparable outlet.  Thus, one could ascer- 
tain that  no air bubbles remained in the 
chamber. The inlet and the out le t  were then 
sealed against the outer  atmosphere.  By 
stirring the solution the effective diffusion 
coefficient was enhanced by a factor  of 103 
(cf. Buhmann and Dreybrodt ,  1985). The 
thicknesses of  the solution in these experi- 
ments were 1, 1.5 and 2 cm. The solution was 
extracted from the container after a t ime t 
and analyzed for [Ca 2÷ ]. 

3.2. Exper imen ta l  results 

Fig. l l a  shows the time constants mea- 
sured from the exponential  behaviour of  
[Ca2*](t) for  laminar flow simulation at 
P~O: = 10-2 atm. for 10 ° and 20°C. The full 
lines represent the theoretically predicted 
increase of  T VS. 5. 
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Fig. 11. Time constants of CaCO3 dissolution mea- 
sured for various film thicknesses, temperatures and 
CO 2 pressures. The solid lines are the theoretical 
curves; the measurements were performed on pure 
Carrara marble. 

The agreement with the experimental ly 
observed values is excellent. In Fig. l l b  
experimental  and theoretical  data are given 
for solutions with P~o2v = 5 -10  -2 atm. at 10 ° 
and 20°C. Again theory  and exper iment  show 
similar good agreement. One should note  that  
at lower initial CO2 pressures the time con- 
stants are significantly lower. That  means 
that,  as in the case of  the open system, equi- 
librium is achieved faster than at high CO2 
content.  The dissolution rates, however, are 
higher at higher CO2 content ,  because more 
CO2 can be converted into HCO~ and H ÷. 

For  the case of  turbulent  flow an increase 
in dissolution rates by one order of magni- 
tude was predicted. We have simulated 
these condit ions by stirring solutions with 

200 r.p.m. This leads to an increase of 
D e ~ 1 0 a D c o  . From Fig. 7 one sees that  
at this value of  n the dissolution rate is 

90% of that  of  fully developed turbulence.  
This is sufficient for  our  purpose. Fig. 12 
shows the results for initial pressures of  10 -2 
and 5 -10  -2 atm. at temperatures of  20°C. 
The full lines represent the theoretically 
predicted t ime constants multiplied by a 
fitting factor  of  1.7. A similar fitting factor,  
indicating that  in nature dissolution proceeds 
slower, has also been observed in our  turbu- 
lence experiments under open-system condi- 
tions. Since under turbulent  flow only the 
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Fig. 12. Time constants of CaCO 3 dissolution under 
turbulent-flow conditions measured at various film 
thicknesses and CO 2 pressures, respectively. The solid 
lines give the theoretical curves fitted to the experi- 
mental results by a factor as discussed in the text. 
The measurements were performed on pure Carrara 
marble. 

surface kinetics determine the dissolution 
rates, we may conclude that  in marble, which 
contains ~ 2 wt.% Mg, dissolution is lower 
than in pure calcite. This would mean that  the 
rate constants in the PWP equation are 
reduced in this natural limestone. This might 
happen by Langmuir adsorpt ion of  Mg 2÷, 
which reduces the effective surface active in 
the dissolution processes (SjSberg, 1978). 
Nevertheless, our theoretical  predictions are 
sufficiently accurate for geological applica- 
tions. 

A second point  should be ment ioned,  
which is impor tant  in this type  of  experiment.  
As discussed in relation to Table II (Section 
2.3) we have to approximate  the calculated 
dissolution rates at 5 > 0.2 cm by two differ- 
ent linear functions. In the region of  the 
experimental ly occurring Ca 2÷ concentrat ions 
we have to take a f rom the region of  lower 
slope [Table II, (b)] ,  which gives an apparent- 
ly higher Ca 2÷ concentra t ion in equilibrium, 
[Ca2÷]as . The data in Fig. 12 have been 
obtained from these values. 

Summarizing our experimental  results, we 
can state that  agreement between exper iment  
and theory  is good in the case of  closed- 
system conditions. Since we have obtained a 
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similar good agreement in the case of  dissolu- 
t ion and precipitation experiments in the 
open system, we can be quite sure that  our  
theory  is well applicable to all cases of  
interest and we can trust the predictions of  
precipitation rates under  closed-system condi- 
tions. Experiments for this case have not  ye t  
been performed since they are far more diffi- 
cult. 

4. Conclusion 

Our theory  of  calcite dissolution and 
precipitation has been applied to closed- 
system conditions and provides in addition to 
our previous results on open systems a com- 
prehensive kinetic theory  on pure CaCO3-- 
CO2--H20 systems. All experiments show 
convincing coincidence with the overall 
behaviour of the theoretical  predictions. Thus 
we conclude that  the theory  is applicable with 
sufficient reliability to many geological 
problems in karst areas. One impor tant  result 
is the verification of  the hydraulic jump, i.e. 
the increase of dissolution and precipitation 
rates by one order  of  magnitude at the onset 
of turbulent  flow. This is of  u tmost  impor- 
tance in the development  of water conduits 
during the process of  karstification. 

Our theory  for the closed system can also 
be extended to the more complicated situa- 
t ion of  porous saturated media consisting of  
CaCO3. If one assumes that  dissolution in 
such media can be described by using the 
average channel width in those media as the 
distance 25 in our simple geometry  model and 
if one replaces the coefficient  of  diffusion 
by the coefficient  of mechanical dispersion 
one obtains predictions in excellent agree- 
ment  with experimental  data (Baumann et 
al., 1985). 

Our results given in Tables I and II can be 
used by the geologist to estimate dissolution 
rates in many situations and should therefore  
provide deeper insight into the dynamics of  
karstification. In the future we will extend 
our work to natural systems. Experiments  in 
the turbulent  flow regime are in progress 
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t o  i n v e s t i g a t e  t h e  e f f e c t s  o f  t h e  c h e m i c a l  c o m -  
p o s i t i o n  a n d  l i t h o l o g y  o f  l i m e s t o n e s  o n  t h e  
s u r f a c e  k i n e t i c s .  E x p e r i m e n t s  w i t h  n a t u r a l  
w a t e r s  c o n t a i n i n g  S O ~ - ,  C l - ,  Mg 2÷, N a  ÷ a n d  
K ÷ c a n  give i n s i g h t  i n t o  c h a n g e s  o f  t h e  dis-  
s o l u t i o n  r a t e s  b y  a l t e r i n g  t h e  c h e m i c a l  c o m p o -  
s i t i o n  o f  t h e  s o l v e n t  c o m p a r e d  t o  p u r e  H : O -  
COs so lven t s .  
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